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Abstract. Binary mixtures of quasi one-dimensional Bose-Einstein condensates
(BEC) trapped in deep optical lattices (OL) in the presence of periodic time
modulations of the inter-species scattering length, are investigated. We adopt a mean
field description and use the tight binding approximation and the averaging method
to derive averaged model equations in the form of two coupled discrete nonlinear
Schro¨dinger equations (DNLSE) with tunneling constants that nonlinearly depend on
the inter-species coupling. We show that for strong and rapid modulations of the inter-
species scattering length, the averaged system admits exact compacton solutions, e.g.
solutions that have no tails and are fully localized on a compact which are achieved
when the densities at the compact edges are in correspondence with zeros of the Bessel
function (zero tunneling condition). Deviations from exact conditions give rise to the
formation of quasi-compactons, e.g. non exact excitations which look as compactons for
any practical purpose, for which the zero tunneling condition is achieved dynamically
thanks to an effective nonlinear dispersive coupling induced by the scattering length
modulation. Stability properties of compactons and quasi-compactons are investigated
by linear analysis and by numerical integrations of the averaged system, respectively,
and results compared with those from the original (unaveraged) system. In particular,
the occurrence od delocalizing transitions with existence of thresholds in the mean
inter-species scattering length is explicitly demonstrated. Under proper management
conditions, stationary compactons and quasi-compactons are quite stable and robust
excitations that can survive on very long time scale. A parameter design and a possible
experimental setting for observation of these excitations are briefly discussed.
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1. Introduction
Localized monlinear waves with a compact support, so called compactons, are recently
attracting interest mainly from mathematical and theoretical points of view. Their
existence was predicted for equations of the KdV type with nonlinear dispersion [1]
and later demonstrated for several continuous [2] and discrete nonlinear systems in
one and two spatial dimensions [3, 4]. In spite of the many investigations, however,
they are presently still unobserved in physical experiments. From this point of view
appears particularly interesting the theoretical work done on compactons of the discrete
nonlinear Schro¨dinger equation (DNLSE), a model that is linked to physical systems
such as nonlinear optical waveguides arrays and Bose-Einstein condensates (BEC)
trapped in deep optical lattices (OL). In these contexts, it has been demonstrated that
when subjected to periodic time dependent rapid modulations of the nonlinearity, also
called strong nonlinearity management (SNM) limit, the DNLSE can support stable
compactons of different types [5, 6, 7]. In particular, the existence of one-dimensional
compactons in BEC arrays [5] and in binary BEC mixtures with time modulated
intra-spices scattering length [6], as well as, the existence of compactons and vortex-
compactons (e.g. vortices on a compact support) in two-dimensional DNLSE [7], were
recently demonstrated.
From a physical point of view the existence of compactons is a direct consequence of
the tunneling suppression across the edges of the excitation. This phenomenon originates
from the nonlinear dispersion term which introduces a dependence of the tunneling
constant on the density imbalance between adjacent sites, so that for imbalances
matching proper values the tunneling becomes locally suppressed [8, 9]. Experimentally,
this phenomenon has been recently observed in BEC in deep OL with periodic time
modulatations of the interactions [10]. We also remark that the SNM of the scattering
lengths is presently used to investigate several interesting physical phenomena related
to new quantum phases [11, 12], artificial gauge fields and spin-orbit couplings [13, 14],
in BEC systems.
The aim of the present paper is to study binary mixtures of quasi one-
dimensional Bose-Einstein condensates in deep optical lattices in the presence of periodic
modulations of the inter-species scattering length. In this respect, we derive an effective
fast time-averaged vector DNLS equation and show that compactons obtained in this
case depend on a nonlinear rescaling of the tunneling constants that involves directly
the coupling of the two components. In the SNM limit this leads to stable binary
compacton solutions with different properties from the ones obtained under an intra-
species management of the scattering length. More specifically, we show that in addition
to the stationary compactons achieved when the edge amplitudes are in correspondence
with zeros of the Bessel function (zero tunneling condition), there exist also stationary
quasi-compactons for which the zero tunneling condition is achieved dynamically, via
the effective coupling induced by the interspecies scattering length modulation. These
solutions exist and are stable on a long time scale especially when one of the two
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components (say the first) matches the zero tunneling condition in the uncoupled
limit, while the other slightly deviates from it. Quite interestingly, we find that for
fixed deviations of the amplitude of the second component from a zero of the Bessel
function, there exists a threshold for the mean inter-species scattering length above
which the zero tunneling condition can be dynamically established for both components
and stationary quasi-compactons can exist. For inter-species scattering lengths below
the existence threshold, the component matching the zero tunneling condition (in the
uncoupled limit) remains alive while the other quickly decays to zero, this leading to
the destruction of the binary compacton. As the deviation, for fixed system parameters,
from the zero tunneling condition of the inexact component is reduced, the existence
threshold moves toward smaller values and completely disappear when the deviation
become smaller that a critical value. In the last case it becomes possible to have long
living stationary quasi-compactons even if the mean inter-species scattering length is
detuned to zero. The solutions predicted by our analysis are checked by means of direct
numerical simulations of the full vector DNLSE with inter-species scattering length
management. The comparison between analytical and numerical results shows a very
good agreement in all the investigated cases.
The paper is organized as follows. In Sec. 2 we introduce the model equations for
binary a BEC mixtures and use the averaging method to derive the effective equations
valid in the limit of strong modulations of the interspecies scattering length. In Sec. 3
we use the averaging equations to investigate the existence and the stability of exact
stationary bright-bright compactons localized on one, two and three lattice sites and
compare results with the ones obtained from direct numerical integrations of the original
(unaveraged) system. In Sec. 4 we consider stationary quasi-compactons for which
the condition of the zero tunneling at the compacton edges is dynamically achieved
through the inter-species coupling of the BEC mixture. In the last section we discuss
physical parameters for possible experimental observations and briefly summarize the
main results of the paper.
2. Model equations and averaging
The model equations for a BEC mixture in a one-dimensional (1D) geometry can be
derived from a more general three-dimensional formalism by considering a trapping
potential with the transversal frequency ω⊥ much larger than the longitudinal frequency
ω||, e.g. ω⊥ ≫ ω||. In the present case, the trap potential in the x−direction is
an OL generated by two counter-propagating laser fields giving rise to a periodic
standing wave potential of the form Vol(x) ≡ V cos(2kLx) with kL denoting the optical
lattice wave-number. In the mean field approximation, the system is described by
a 1D Gross-Pitaevskii (GP) coupled equation for the two-component wave function,
Ψj ≡ Ψj(x, t), j = 1, 2,
i~
∂Ψj
∂t
=
[
− ~
2
2mj
∂2
∂x2
+ Vol(x)
]
Ψj + 2~ω⊥(ajj|Ψj|2 + aj,3−j|Ψ3−j|2)Ψj (1)
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where ajj (j = 1, 2) and a12 are the two-body scattering lengths between intra- and
inter-species of atoms. Eq. (1) can be put in dimensionless form by performing the
following change of variables
x→ x
kL
, t→ ~
ER
t, V → V
ER
≡ V0, (2)
where space is measured in units of 1/kL, the energy in units of the lattice recoil energy
ER ≡ ~ωR = ~2k2L/2µ with µ = m1m2/(m1 +m2) the reduced mass, and time in units
of ~/ER, this leading to
i
∂ψj
∂t
=
[
−ǫj ∂
2
∂x2
+ V0 cos(2x)
]
ψj + (gj |ψj|2 + g|ψ3−j|2)ψj, j = 1, 2. (3)
In the above equation the wavefunctions Ψj were rescaled according to
Ψj ≡
√
ωR
2ω⊥a0
ψj(x, t) (4)
and we denoted ǫj = µ/mj, j = 1, 2, gj ≡ ajja0 , g ≡
aj,3−j
a0
, with a0 the background
scattering length.
For deep optical lattices, e.g. when the OL amplitude is relatively large compared
to ER (say V > 10ER or V0 ≫ 1), it is possible to make the tight-binding
approximation [15, 16] by expanding the two component wavefunctions ψj in terms
of Wannier functions of the underlying linear periodic problem [17]
ψ1(x, t) =
∑
n
un(t)W1(x− xn), ψ2(x, t) =
∑
n
vn(t)W2(x− xn), (5)
with time dependent expansion coefficients un, vn to be fixed in such a manner that
Eq. (3) is satisfied. By substituting the above expansions in Eq. (3) and using the
orthonormality property of the Wannier functions
∫
dxWj(x−n)∗Wj′(x−n′) = δj,j′δn,n′,
one gets the following coupled discrete nonlinear Schro¨dinger equations (DNLSE) [18]
iu˙n = −κ1(un+1 + un−1)− (γ1|un|2 + γ12|vn|2)un,
(6)
iv˙n = −κ2(vn+1 + vn−1)− (γ12|un|2 + γ2|vn|2)vn,
where the overdot stands for time derivative. The coefficients κi, i = 1, 2, related to
the tunneling rates of atoms between neighboring OL potential wells, and coefficients
γj, j = 1, 2, related to the effective inter-species and intra-species nonlinearities,
respectively, are expressed in terms of overlap integrals of Wannier functions as:
κj = ǫj
∫
W ∗j (x− n)
∂2
∂x2
Wj(x− (n + 1))dx,
γj = gj
∫
dx|Wj(x− n)|4, j = 1, 2, (7)
γ12 = g
∫
dx|W1(x− n)|2|W2(x− n)|2.
Since the same OL acts on both components, the underlying linear periodic system is
the same and so are the Wannier functions and corresponding tunneling coefficients, e.g.
κ1 = κ2 ≡ κ.
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Notice that Eq. (6) has the Hamiltonian form χ˙n = δH/δχ
∗
n with χn = un, vn and
Hamiltonian H given by
H = −
∑
n
[
(κ1un+1u
∗
n+ κ2vn+1v
∗
n+ c.c.) +
1
2
(
γ1|un|4 + γ2|vn|4
)
+ γ12|un|2|vn|2
]
.(8)
Here the star ”∗” stands for complex conjugation and c.c. denotes the complex conjugate
of the expression in the parenthesis. In addition to the Hamiltonian (energy), the
numbers of atoms Ni =
∑
n |χn|2, χn = un, vn in each component are also conserved
quantities. It is interesting to remark here that Eq. (6) also arises in nonlinear optics in
connection with the propagation of the electric field in an array of optical waveguides
with variable Kerr nonlinearity. In this context the role of time is played by the
longitudinal propagation distance along the optical fiber and the nonlinear coefficients
γij correspond to self- and cross-phase modulations of the electric field components,
respectively [19, 20].
In the following we consider BEC mixtures with fixed intra-species nonlinearities
and subjected to periodic time modulations of the inter-species nonlinear parameter γ12
of the form
γ12(t) ≡ γ(0)12 + γ(1)12 (t) = γ(0)12 +
γ
(1)
12
ǫ
cos(Ω
t
ǫ
), (9)
with γ
(0)
12 , γ
(1)
12 real constants and ε a small parameter controlling the strongness of the
modulation (SNM corresponds to ǫ ≪ 1 with Ω, γ(1)12 ∼ O(1)). We remark that the
choice in Eq. (9) of an harmonic modulating function of period T = 2π/Ω in the fast time
variable τ = t/ǫ is just for analytical convenience, what is important is the periodicity
property of the modulation function rather than its shape, results being of general
validity and can be easily extended to other types of periodic functions γ
(1)
12 (t). Periodic
variations of the scattering length in time can achieved by using the Feshbach resonance
technique [21, 22]. This management setting is quite convenient in experiments since it
involves only one parameter e.g. the inter-species scattering length (for the case of intra-
species management see [6]). Moreover, the averaged equations obtained in the present
case involve the coupling of the BEC components trough the nonlinear dispersive terms
that leads to novel types of binary compactons (see below).
To find effective nonlinear evolution equations, we use averaging method to
eliminate the fast time, τ = t/ǫ, dependence. In this respect it is convenient to perform
the following transformation
un = Une
iΓ|Vn|2 , vn = Vne
iΓ|Un|2 , (10)
where Γ denotes the antiderivatives of γ
(1)
12 (t), e.g. Γ12(τ) =
γ
(1)
12
ε
∫ τ
0
cos(Ωτ ′)dτ ′. By
substituting Eq. (10) into Eqs. (6) we obtain:
iU˙n = iκ2Γ(τ)Un[V
∗
nX1 − VnX∗1 ]− κ1X2 − (γ1|Un|2 + γ012|Vn|2)Un, (11)
iV˙n = iκ1Γ(τ)Vn[U
∗
nX2 − UnX∗2 ]− κ2X1 − (γ2|Vn|2 + γ(0)12 |Un|2)Vn, (12)
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where X1 = Un+1e
iΓθ+1 + Un−1e
iΓθ−1 , X2 = Vn+1e
iΓθ+2 + Vn−1e
iΓθ−2 and with θ±i denoting
the quantities
θ±1 = |Un±1|2 − |Un|2, θ±2 = |Vn±1|2 − |Vn|2. (13)
The average over the rapid modulation can be easily done with the help of the
following relations
< e±iΓ(τ)θ
±
>= J0(αθ
±), < Γ(τ)e±iΓ(τ)θ
±
>= ±i αJ1(αθ±), (14)
where the angular bracket < F > denotes the average with respect to the fast time, e.g.
< F >≡ (1/T ) ∫ T
0
Fdτ , while J0, J1 are Bessel functions [23] of first kind of zero-th and
first order, respectively, with the parameter α given by
α = γ
(1)
12 /Ω. (15)
The system of averaged equations is then obtained as:
iU˙n = −ακ2Un
[
J1(αθ
+
1 )
(
V ∗n Vn+1 + VnV
∗
n+1
)
+ J1(αθ
−
1 )
(
V ∗n Vn−1 + VnV
∗
n−1
) ]
−κ1
[
Un+1J0(αθ
+
2 ) + Un−1J0(αθ
−
2 )
]− [γ1|Un|2 + γ(0)12 |Vn|2
]
Un, (16)
iV˙n = −ακ1Vn
[
J1(αθ
+
2 )
(
U∗nUn+1 + UnU
∗
n+1
)
+ J1(αθ
−
2 )
(
U∗nUn−1 + UnU
∗
n−1
) ]
−κ2
[
Vn+1J0(αθ
+
1 ) + Vn−1J0(αθ
−
1 )
]− [γ2|Vn|2 + γ(0)12 |Un|2
]
Vn. (17)
Note that Eqs. (16, 17) have Hamiltonian form with averaged Hamiltonian Hav given
by:
Hav = −
∑
n
[
κ1J0(αθ
+
2 )[Un+1U
∗
n + c.c] + κ2J0(αθ
+
1 ) [Vn+1V
∗
n + c.c.]
+
1
2
(
γ1|Un|4 + γ2|Vn|4
)
+ γ
(0)
12 |Un|2|Vn|2
]
. (18)
By comparing Eq. (18) with the corresponding unperturbed Hamiltonian Eq. (8), one
can see that the effect of the inter-species scattering length modulation reflects in the
following nonlinear rescaling of the tunneling constants:
κi → κiJ0(αθ+3−i), i = 1, 2. (19)
Notice that, differently from the intra-species management considered in [6], the
tunneling constant of one species depends on the difference of the atomic density between
neighboring sites [9, 5] of the other species. This introduces nonlinear dispersive coupling
terms in the averaged equations leading to novel types of two-component compactons.
It is also worth to note here that the appearance of the Bessel functions in the above
equations is a consequence of the choice of a sinusoidal modulation function. Compacton
existence and lattice tunneling suppression, however, are independent on this. One can
easily show that in the general case of a periodic (not sinusoidal) modulation of the
scattering lengths, the above averaged equations will retain the same form except for
the replacement of Bessel functions of the argument αθ±i with more involved functions
of the same arguments.
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3. Exact binary compactons, stability analysis and numerical results
In this section we derive exact compacton solutions and study their stability properties
both by standard linear analysis and by direct numerical integrations of the original
nonlinear equations.
Exact compacton solutions of the averaged system can be searched in the form of
stationary states
Un = Ane
−iµut, Vn = Bne
−iµvt, (20)
with µu, µv chemical potentials of the two atomic species.
By substituting these expressions into Eq. (16,17) one gets the following stationary
equations:
µuAn + (γ1A
3
n + γ
(0)
12 B
2
nAn) + κ1[An+1J0(αθ
+
2 ) + An−1J0(αθ
−
2 )]
+2ακ2AnBn[Bn+1J1(αθ
+
1 ) +Bn−1J1(αθ
−
1 )] = 0, (21)
µvBn + (γ2B
3
n + γ
(0)
12 A
2
nBn) + κ2[Bn+1J0(αθ
+
1 ) +Bn−1J0(αθ
−
1 )]
+2ακ1AnBn[An+1J1(αθ
+
2 ) + An−1J1(αθ
−
2 )] = 0, (22)
to be solved for the chemical potentials and amplitudes An, Bn of the compacton modes.
To search for exact compactons one must look for the last sites of vanishing
amplitude, say n0±1, where the vanishing of the tunneling rate is realized. The compact
nature of the solution (Ai, Bi = 0 outside a finite small range of sites), allows to reduce
the above infinite system into a finite number of relations between the above variables,
which can be solved exactly. This is shown explicitly below for different compacton
types. For simplicity in the following we concentrate on bright-bright (B-B) solutions
of the BEC mixtures. Similar results can be derived also for bright-dark and dark-dark
compactons (omitted for brevity), in analogy to what done in Ref. [6] for the intra-
species SNM case.
3.1. One-site compactons
A single site B-B compacton is achieved by assuming the following pattern for the
amplitudes An0 = a, Bn0 = b, An0±j = 0, Bn0±j = 0 for all j ≥ 1, with a, b real
constants to be determined. Substituting this ansatz in Eqs.(21,22) we obtain the
corresponding conditions for the compacton existence as
J0(αa
2) = 0, a2 = ξ1/α,
J0(αb
2) = 0, b2 = ξ2/α (23)
where ξ1, ξ2 are zeros (not necessary equal) of the Bessel function J0. This condition
together with
µu = −γ1a2 − γ12b2, µv = −γ2b2 − γ12a2 (24)
gives us the single site B-B compacton pair. Typical examples of B-B compactons
are shown in top panels of Fig. 1 together with their stability properties investigated
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Figure 1. (Color online) Top panels. Exact single site B-B compacton of the
averaged Eqs. (16-17) with first (first panel from the left) and second (second panel
from the left) component amplitude fixed as |A0|2 = 5.0074 (second zero of J0),
|B0|2 = 2.4048 (first zero of J0), respectively. Third and fourth top panels (from
the left) show the space-time evolution of |An|2 and |Bn|2, respectively, as obtained
from direct numerical integration of Eq. (6). Bottom panels. In the first panel (from
the left) are shown the real and imaginary parts of the eigenfrequency ω of the linear
system obtained by linearizing Eqs. (16-17) around the B-B compacton depicted in
the top left panel, while in the second panel from the left are shown the lowest (solid
line), third lowest (dash line), and fifth lowest (dash-dot line) ω2 values as a function
of the parameter κ. The remaining bottom panels show the time dependence of the
deviations En(t) ≡ |un(t) − un(0)|, En(t) ≡ |vn(t) − vn(0)|, of the first (second panel
from the right) and second (first panel from the right) component amplitudes depicted
in the corresponding top panels, from their initial values at t = 0. In all the panels
parameter values are fixed as: γ1 = γ2 = 1, γ
(0)
12 = 0.5, κ1 = κ2 ≡ κ = 1 and
α = 1 . The numerical integration of Eq. (6) is made by taking as initial condition the
exact single site B-B compacton shown in the top left panel, the modulation function
γ12(t) = γ
(0)
12 +
α
ǫ
cos (t/ǫ), with ǫ = 0.01 and all other parameters fixed as above.
by means of standard linear analysis performed on the averaged equation of motion.
Denoting by ω the eigenfrequencies of the linearized averaged equations, associated
with growing perturbation of the form e−iωt, we have that linear stability is granted
if all ω have zero imaginary parts. From the second row panels of Fig. 1 we see that
one site B-B compactons are linearly very stable for a wide range of the parameter
κ variation. Stability has been check also by direct numerical integrations of Eq. (6)
shown in the two bottom panels of the figure.
3.2. Two-site compactons
Two-site B-B compactons also exist and, similarly to discrete breathers of binary non
linear lattices [24], can be of three types: in-phase, out-of-phase and mixed-symmetry
type, e.g. with both components symmetric (in-phase), or with both anti-symmetric
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Figure 2. (Color online) Same as in Fig. 1 but for a two-site in-phase B-B compacton
corresponding to the amplitude pattern given in Eq. (25) with a, b fixed as the square
root of the second and first zero of the Bessel function J0, respectively.
(out-of phase), or with one component symmetric and the other anti-symmetric (mixed-
symmetry) [24], with respect to the middle point between the two sites on which they
are localized, respectively. Two-site B-B compactons directly follow from Eqs. (21, 22)
by assuming one of the following patterns, depending on their symmetry:
An0 = a, , An0+1 = a, Bn0 = b, , Bn+1 = b, (25)
An0 = a, An0+1 = −a, Bn0 = b, Bn+1 = −b, (26)
An0 = a, An0+1 = a, Bn0 = b, Bn+1 = −b, (27)
An0 = a, An0+1 = −a, Bn0 = b, Bn+1 = b, (28)
and with An = Bn = 0 for all other sites n 6= n0, n0 + 1. Here the Eqs. (25) and (26)
refer to the in-phase and out-of-phase compactons, respectively, while Eqs. (27) and (28)
to compactons of mixed-symmetry type. By substituting the above expressions into
Eqs.(21,22) one obtains the same condition in Eq. (23) as before, but with chemical
potentials given by:
µu = − γ1a2 − γ(0)12 b2 +±κ1,
µv = − γ2b2 − γ(0)12 a2 +±κ2, (29)
where the combinations of signs, (−,−), (+,+) in front of the terms κ1, κ2, refer to
the in-phase and out-of-phase compactons, respectively, while the other combinations
(−,+) and (+,−), refer to mixed-symmetry compactons in (27), (28), respectively.
Typical result for the in-phase and out-of-phase two-site B-B compactons are shown
on Fig. 2 and in Fig. 3, respectively. We see that in both cases the excitation are very
stable for a wide parameter range and the stability predicted by the linear analysis is
corroborated by the direct numerical integrations of the original (unaveraged) system.
Similar results are obtained also for two site compactons of mixed-symmetry type, but
not shown here for brevity.
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Figure 3. (Color online) Same as in Fig. 1 but for a two-site out-of-phase B-B
compacton corresponding to the amplitude pattern given in Eq. (26) with a, b, fixed
as the square root of the second and first zero of the Bessel function J0, respectively.
3.3. Three-sites compactons
Compactons of larger size can be found in similar manner. For example, we consider
here only the case of three-site B-B compactons, corresponding to the pattern
An0 = a1, An0±1 = a2, An0±2 = 0, ...,
Bn0 = b1, Bn0±1 = b2, Bn0±2 = 0, ..., (30)
one finds the chemical potentials are given by
µu = − γ1a22 − γ(0)12 b22 − κ1a1J0 (ξv) /a2 − 2ακ2b1b2J1 (ξv)
µv = − γ2b22 − γ(0)12 a22 − κ2b1J0 (ξu) /b2 − 2ακ1a1a2J1 (ξu)
with ξu = α (a
2
1 − a22) and ξv = α (b21 − b22). The boundary amplitudes a2, b2 are given
by the zero tunneling condition as in Eq. (23), e.g.
J0(αa
2
2) = 0, a
2
2 = ξ1/α,
J0(αb
2
2) = 0, b
2
2 = ξ2/α, (31)
and the central amplitudes a1, b1, are obtained by solving the following equations:
a1a2
[
γ1
(
a22 − a21
)
+ γ
(0)
12
(
b22 − b21
)− 2ακ2b1b2 (2J1 (αξu) + J1 (αξv))
]
= κ1
(
a22 − 2a21
)
J0 (ξv) , (32)
b1b2
[
γ2
(
b22 − b21
)
+ γ
(0)
12
(
a22 − a21
)− 2ακ1a1a2 (2J1 (αξv) + J1 (αξu))
]
= κ2
(
b22 − 2b21
)
J0 (ξu) . (33)
Typical results for three-site B-B compactons are shown in Fig. 4.
Before closing this section, it is worth to we note that in spite of the different
averaged equations, the existence conditions for one-site and two-site compacton are
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Figure 4. (Color online) Same as in Fig. 1 but for a three-site B-B compacton
corresponding to the amplitude pattern given in Eq. (30) with a2, b2, fixed as the
square root of the third and fourth zero of the Bessel function J0, respectively, and
with a1, b1 obtained from Eqs. as: a1 =, b1 =. All other parameters are fixed as in
Fig. 1.
the same as for the the intra-species SNM case considered in Ref. [6]. This fact can
be easily understood by noting that under the interchange of variables θ+1 ↔ θ+2 in the
nonlinear dispersive part of the averaged Hamiltonian (18), and with the identification
of parameters γ1, γ2, γ
0
12 with γ
(0)
1 , γ
(0)
2 , γ12, respectively, the Hamiltonian in Eq. (18)
reduces to the one of the intra-species SNM case considered in Ref. [6] (see Eq. (14) of
Ref. [6]). Clearly, this transformation is invariant for one-site compactons because, due
to the vanishing of the amplitudes at all sites n 6= n0 (all the matter being localized on
the site n0), the nonlinear dispersive terms are automatically zero. This explain why
the existence conditions for the single-site compactons are the same for inter- and intra-
species SNM. A similar situation occurs also for two-site compactons because, due to the
particular symmetry of the solutions, we have θ+1 = θ
+
2 = 0 and the above transformation
is invariant for two-site compactons. In all other cases, however, e.g. for all compactons
localized on more than two sites, the invariance is broken and the existence conditions
are different for inter- and intra-species SNM cases. It should also be remarked here
that since the averaged equations of motion for inter- and intra-species SNM cases are
intrinsically different, stability properties of binary compactons will always be different
(including one-site and two-site compactons) in the two SNM cases.
4. Stationary quasi-compactons under inter-species SNM
From the above analysis it follows that a necessary condition for exact stationary
compactons to exist is that the BEC densities (multiplied by α) at the edges sites
coincide with zeros of the Bessel function J0. This is obviously necessary for the zero
tunneling condition in Eq. (23) to be satisfied and therefore for the suppression of any
Binary matter-wave compactons induced by inter-species scattering length modulations12
−10 0 10
0
0.5
1
1.5
2
2.5
t = 100
n
In
te
ns
ity
0 50 100
0.5
1
1.5
2
2.5
t
In
te
ns
ity
0
50
100
−10
0
10
0
1
2
tn
In
te
ns
ity
0
50
100
−10
0
10
0
1
2
tn
In
te
ns
ity
−10 0 10
0
0.5
1
1.5
2
2.5
t = 100
n
In
te
ns
ity
0 50 100
0.5
1
1.5
2
2.5
t
In
te
ns
ity
0
50
100
−10
0
10
0
1
2
tn
In
te
ns
ity
0
50
100
−10
0
10
0
1
2
tn
In
te
ns
ity
Figure 5. (Color online) Top panels. First (upper curve) and second (lower curve)
component profiles of a single site B-B quasi-compacton at time t = 100 (first and
third top panels from the left), and density time evolution at the middle site n0 = 0
(second and fourth panel from the left), as obtained from numerical integrations of
Eqs. (16,17) (first and second panels from the left) and of Eq. (6) (third and fourth
panels from the left), respectively. Bottom panels shown the full time evolution of
the quasi-compacton first and second components obtained from Eqs. (16,17) (first
and second panels from the left) and from Eq. (6) (third and fourth panels from the
left), respectively. In all panels the initial conditions were taken as |A0|2 = 2.4048
(first root of Bessel function), |B0|2 = 1.0 while the parameter values were fixed as
γ1 = γ2 = 1, γ
(0)
12 = 1.0, κ1 = κ2 ≡ κ = 0.5 andα1 = α2 = 1. The numerical integration
of Eq. (6) is made with the same modulation function γ12(t) as in Fig. 1 but with
ǫ = 0.005.
tail in the solution. In the case of a single site compacton this implies that the numbers
of atoms in the two components cannot be arbitrary but must be related by
N1
N2
=
ξ1
ξ2
(34)
with ξi two zeros (not necessarily equal) of J0. From this it also follows that for an
exact binary compacton with a given number of particles N1 in the first component,
controlled by the parameter α, only a discrete set of values for N2 are permitted.
On the other hand, it is also interesting to look for stationary quasi-compactons
in which one of the two components amplitude (say the first) is associated to a zero
of the Bessel function J0, while the other is not. In the following we report results
obtained by direct numerical integrations of both the averaged Eqs. (16,17) and the
original system Eq. (6), for specific choices of the (inexact) component and for different
parameter values, with the interspecies interaction γ
(0)
12 typically varied in the range
0 ÷ 1.0 (similar results are obtained for other choices of parameters). Notice that for
the above setting, while the first component is initially taken as an exact compacton in
the uncoupled limit γ
(0)
12 = 0, the second component is inexact and therefore can not
survive in absence of coupling (see Ref. [5] for the single component case).
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Figure 6. (Color online) First and second rows, repeating the same parameters as in
Fig. 5 except γ12 = 0.3 and similarly for the third and the fourth rows but γ12 = 0.2.
The results are obtained by solving the original Eq. (6).
In the top panels of Figs. 5, 6, are reported the profiles of the quasi-compacton
components at the time t = 100 (first and third top panels from the left) together with
their peak density at the middle sites time evolution (second and fourth top panels
from the left), for the case γ12 = 1.0 in Fig. 5 and for the cases γ12 = 0.3 (first and
second panels from the left) and γ12 = 0.2 (first and second panels from the right)
in Fig. 6. As one can see, while in the first two cases the density at the middle site
of the first component after an initial drop (due to matter emission) adjusts to a new
practically constant value with small oscillations around it, and the density of the second
component remains practically constant in time, in the last case (e.g. γ12 = 0.2) the
second component cannot survive and quickly decays into background radiation. This ia
also clearly seen from the corresponding bottom panels showing the space-time evolution
of the two BEC components. Actually this decay is associated to the occurrence of a
delocalizing transition (see below) similar to the ones observed for single component
BEC [25] and binary BEC mixtures in deep OL [26]. We also remark that in Fig. 5
the time evolutions are computed both with the averaged equations (first and second
panels from the left) and with the original (unaveraged) system (first and second panels
from the right), obtaining practically identical results. This is true for all numerically
investigated cases provided the parameter ǫ is small enough (typically ǫ < 0.01) for the
SNM limit to be valid. In the following we remain strictly in this limit and report the
time evolution only for one (averaged or original) system .
From Figs. 5, 6, we see that for fixed system parameters and initial conditions
the existence of stable quasi-compactons crucially depends on the mean inter-species
interaction parameter γ
(0)
12 . More detailed investigations show that stable quasi-
compactons exist in the SNM limit under very generic initial conditions (see below)
provided the strength of the mean interspecies scattering length is above a critical
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Figure 7. (Color online) Dependence on the parameter γ
(0)
12 of the first and second
component densities |A|2, |B|2, respectively, at site n0 taken at time t = 300, as
obtained from direct numerical integrations of Eq. (6). In the top panels and in the
bottom left panel the initial condition for the first component at site n0 was taken
as the first root (|A0|2 = 2.4048) of the J0 Bessel function and zero elsewhere, while
second components at site n0 were fixed as |B0|2 = 1.0 (top left panel), |B0|2 = 1.4 (top
right panel), |B0|2 = 1.8 (bottom left panel) and zero elsewhere. In the bottom right
panel the initial condition was |A0|2 = 5.52007 (second zero of J0) and |B0|2 = 1.0.
The inset in this panel shows an enlargement of the delocalizing transition occurring
in the first component near γ
(0)
12 ≈ 0.075 of the top curve. All symbols correspond
to points computed numerically, joining lines being drawn just to guide eyes. Other
parameters are fixed as in Fig. 5. To accelerate convergence to stationary quasi-
compacton at t = 300, the dissipative function in (35) with η = 5 was used during the
time evolution.
threshold. Moreover, this threshold disappears when the initial amplitudes are relatively
close to zeros of J0. This can be seen from Figs. 7, 9, where the dependence of the BEC
densities at the central site n0 on the parameter γ
(0)
12 is reported. Calculations here were
done by numerically solving the the averaged equations of motion for different initial
conditions, scanning γ
(0)
12 in the interval 0,1 with typical increments of 0.1 (reduced
to 0.01 close to the delocalizing transition) and by introducing dissipative boundary
conditions to eliminate the emitted radiation from the system and accelerate convergence
to stationary quasi-compactons. This was achieved by adding dissipative terms of the
Binary matter-wave compactons induced by inter-species scattering length modulations15
-9 -6 -3 0 3 6 9
0
500
1000
1500
2000
-9 -6 -3 0 3 6 9
0
500
1000
1500
2000
n
t
|B
n
| 2|An|
 2
n
t
-9 -6 -3 0 3 6 9
0
20
40
60
80
100
-9 -6 -3 0 3 6 9
0
20
40
60
80
100
n
t
|B
n
| 2|An|
 2
n
t
Figure 8. (Color online) Time evolution of a one-site quasi-compacton (first and
second panel from the left) obtained from numerical integration of Eq. (6) with γ
(0)
12 = 0
and initial conditions |A0|2 = 2.4048 (first root of Bessel function), |B0|2 = 1.8. Other
parameters as fixed as for the bottom left panel Fig. 5. The right two panels show
the corresponding time evolution for the intra-species SNM case, (Eqs. (12), (13) of
Ref. [6]), with the same initial condition and parameters values as in the left two panels
and with γ
(0)
1 ≡ γ1 = 1.0, γ(0)2 ≡ γ2 = 1.0, γ12 ≡ γ(0)12 = 0.
form iξnun, iξnvn (resp. iξnUn, iξnVn) into the original (res. the averaged) equations for
first and second component, respectively, with the function ξn taken as
ξn = η sech
2 (n− nb) , (35)
with nb denoting the boundary sites and the real parameter η controlling the strength of
the dissipation. In all the panels of Fig. 7 the initial conditions for the first component
were taken to satisfy the exact compacton zero tunneling condition in correspondence
of the first (top panels and bottom left panel) and second (bottom right panel) zero
of the Bessel function, while the second component was fixed as |B0|2 = 1.0 for top
left and bottom right panels, and as |B0|2 = 1.4 and |B0|2 = 1.8 for the top right and
bottom left panels, respectively. From the top left panel of Fig. 7 we see that a sharp
transition (existence threshold) occurs at γ
(0)
12 ≈ 0.29. As the deviation of the inexact
second component from the zero tunneling condition is reduced, keeping fixed all other
parameters, the existence threshold moves toward a smaller value (see top right panel)
and completely disappears when it is further reduced (see bottom left panel). For the
considered parameters we find that the threshold disappears as the initial density of
the second component at site n0 become smaller than the critical value |Bcr|2 ≈ 1.535.
Similar behaviors is observed also when the exact (first) component matches the zero
tunneling condition at higher zeros of the Bessel function, as one can see from the
bottom right panel of Fig. 7. In this case, however, note that the transition appears less
sharp and also a bit more noisy in the tail, this being a consequence of the larger first
component amplitude involved (see enlargement in the inset) and possibly also of the
longer time required to converge to the solution.
From Fig. 7 it is also interesting to note that for relatively small initial deviations
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Figure 9. (Color online) Same as in Fig. 7 but for the case in which both components
deviate from the exact zero tunneling condition. In the left and right panels the first
component at central site n0 was initially fixed as initial conditions at the central site
were fixed as |A0|2 = 3.0 and |A0|2 = 2.0, respectively, and zero elsewhere, while
the second component at site n0 was fixed as |B0|2 = 1.0 for both panels, and zero
elsewhere. All other parameters are the same as in Fig. 5.
from exact zero tunneling conditions there are no delocalizing transitions and it is
possible to have quasi-compactons even when the inter-species mean scattering length is
detuned to zero: γ
(0)
12 = 0. In this case it is interesting to compare the quasi-compacton
time evolution obtained from the inter- and intra-species SNM, using the same initial
conditions and parameter values for the two cases. This is done in Fig. 8 from which
we see that the lacking of nonlinear dispersion coupling makes impossible to sustain the
quasi-compacton in the intra-species SNM case.
Finally, in Fig. 9 we investigate the case in which both components deviate from
the exact zero tunneling conditions. As one can see, quasi-compactons exist also in
this case but existence thresholds and sharpness of the delocalizing transition depend
much more on how the deviations of the initial conditions from the exact zero tunneling
condition are taken. In the left panel of the figure it is shown the case in which the
first component density is above the first zero of the Bessel function and the second
component is below (e.g. |A0|2 = 3.0, |B0|2 = 1.0), while in the right panel the
case in which both components smaller than the first zero of the Bessel function (e.g.
|A0|2 = 2.0, |B0|2 = 1.0). We see that in the first case the transition is sharp and similar
to the ones shown in Fig. 7, while in the second case the transition is not sharp and
very noisy with both components dropping from their initial values much more (due to
a larger emitted background radiation adsorbed, in our simulation, at the ends of the
chain). Quite remarkably, also in this case quasi-compacton survive on a very long time
scale similarly to the binary compacton shown in the first two left panels of Fig. 9.
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5. Discussion and Conclusions
Before closing this paper let us discuss conditions for possible experimental observation
of the above results. Example of boson-boson mixtures which can be considered are
39K-87Rb, 41K-87Rb, 85Rb-87Rb. At the present binary BEC mixtures are observed for
the system 85Rb-87Rb [27] and 41K −87Rb [28]. The inter-species scattering length can
be varied in time by means of the Feshbach resonance technics.
Possible experimental implementations of the results discussed in this paper could
be made by considering 85Rb −87 Rb boson-boson mixtures loaded in the deep optical
lattices [27, 29, 30]. The inter-species scattering length can be varied in time by means
of the Feshbach resonance technics (see the recent review [22] and references therein).
In this case the variation the inter-species scattering length a12 can be described by the
formula
a12 = abg(1− ∆
B − BR ), (36)
with abg denoting the background scattering length, e.g. the one far from the resonance,
BR the resonance position where the scattering length diverges, and ∆ the resonance
width [22]. By assuming an external time dependent magnetic field of the form:
B(t) = BR + ∆ + δ + B1cos(ωt), with B1 a constant amplitude and δ denoting the
detuning from the zero crossing point of the scattering length, occurring at BR + ∆.
Introducing the parameters α = δ/∆ and β = B1/∆, we have
a12
abg
=
α + β cos(ωt)
1 + α + β cos(ωt)
= a0 + a1 cos(ωt) + a2 cos(2ωt) + ... (37)
By referring to the 41K-87Rb BEC mixture, two Feshbach resonances exist, one at
35G and the other at 79G [29] . Considering the resonance at BR = 35G, we
have ∆ = (5.1 ± 1.8)G with a background scattering length abg ≈ 500aB, where
aB = 0.0529nm is the Bohr radius. By assuming ∆ = 5.1G, δ = 0.08G, B1 = 1.25G,
we have α = 0.016, β = 0.25 and the first Fourier coefficients in Eq. (37) are readily
estimated as a0 ≈ −0.0154, a1 ≈ 0.2538, a2 ≈ 0.0317, a3 ≈ 0.00396217. From the
numerical calculations of the averages in Eq. (14), one can check that all higher
harmonics give negligibly contribution to the averaged equations, so that, for any
practical purpose, the effective inter-species modulation for the chosen parameters can
be taken as in Eq. (9). Finally, we remark that the optical lattice parameters can be fixed
according to the experiment [30], e.g., λL = 1064nm, with V0/ER > 10, to guarantee
the validity of the tight-binding approximation [15, 16, 17].
In the SNM limit we expect compactons to be elementary excitations of the
binary BEC system and as such they should emerge spontaneously from generic
initial conditions. For compactons detection in real experiments, therefore, one could
start from generic localized matter wave-packet and observe their decomposition into
compacton modes localized on few optical lattice during the time evolution. An example
of this is shown in Fig. 10 where we have numerically simulated a three-site binary
compacton formation starting from initial gaussian profiles for the two components. We
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Figure 10. (Color online) Top left panel. Initial Gaussian profiles un(0) =√
2.5e−0.1n
2
(solid line) and vn(0) =
√
2.0e−0.1n
2
(dash line) and at the right, the
amplitudes at t = 100 which are practically three-sites compactons. Other parameters
are fixed as in Fig. 5. Bottom plots show the transient amplitudes along the time
interval. To eliminate the matter radiation generated during the time evolution, the
absorbing boundary conditions with the function ξn as in (35) with η = 10, was used.
see that the emitted radiation can be very small if the initial conditions are properly
prepared (the numbers of atoms should be close to the ones theoretically predicted
for compacton existence discussed in section 3. For fixed parameters and qualitatively
similar initial conditions, one should observe delocalization transitions [25] occurring in
one or in both components, that are very sharp or quite broad, depending on how the
initial condition were prepared, as the inter-species scattering length is varied across the
threshold value (see section 4).
In conclusion, we have investigated in this paper the existence and stability of
compactons and quasi-compactons of binary BEC mixtures trapped in deep OL, induced
by periodic time modulations of the inter-species scattering length. We showed that in
the SNM limit exact stationary compactons exist when the numbers of atoms in the
two components are related in a precise manner by a zero tunneling condition at the
excitation edges. Slightly deviations from these conditions give rise to quasi-compactons,
e.g. to solutions for which the zero tunneling condition and the localization on a compact
is not exact but achieved dynamically through the coupling induced by the scattering
length modulation. Stability properties of stationary compactons and quasi-compactons
have been extensively investigated both by linear analysis (for exact compactons) and
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by direct numerical integrations both of the averaged equations and of the original
systems (compactons and quasi compactons cases). The comparison between analytical
and numerical results are found in excellent agreement and confirm that compactons
and quasi-compactons are very robust and stable excitations. This particularly true
for inter-species scattering length that, for fixed parameters and initial conditions, are
above the existence thresholds. Possible parameter designs and experimental settings
for BEC compactons observation was also discussed.
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